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Abstract. We complete the proof of a theorem that was inspired by an Indian Olympiad problem, which gives an 
interesting characterization of a prime number p with respect to the binomial coefficients (™) , where n > p + 1 is a 
natural number. We give an alternate proof of the theorem and mention a few consequences that can be derived from 
, it. In the way we give a possibly new proof of Lucas' Theorem. 
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1. Introduction and Motivation 
Problem 1.1. 7 divides (™) - |_yJ> v " e N - 

The above appeared as a problem in the Regional Mathematical Olympiad, India in 2003. Later in 
2007, a similar type of problem was set in the undergraduate admission test of Chennai Mathematical 
Institute, a premier research institute of India where 7 was replaced by 3. 
This became the basis of the following 

Theorem 1.2 ([3], Saikia-Vogrinc) . A natural number p > 1 is a prime if and only if (™) — |_^J is 
divisible by p for every non-negative n, where n > p + 1 and the symbols have their usual meanings. 

2. Proof of Theorem 11.21 

In [3J, the above theorem is proved. The authors give three different proofs, however the third 
proof is incomplete. We present below a completed version of that proof. 

Proof. First we assume that p is prime. Now we consider n as n = ap + b where a is a non-negative 
integer and b an integer < b < p. Obviously, 

n 

.P. 



(2.1) 



[ — ~^ J = a (mod p). 



VJ \ P 

(ap + b) ■ (ap + b — 1) • • • (ap + 1) • ap ■ (ap — 1) • • • (ap + b — p + 1) 

p.(p-l)...2-l 
a ■ (ap + b) ■ (ap + & — !)••• (ap + 1) • (ap —!)••• (ap + b — p + 1) 



Now let us calculate (™J (mod p). 

f ap + b^ 



(p-l).(p-2)-..2.1 



aX 



(P-1)I 

where X = (ap + b) ■ (ap + b — 1) • • • (ap + 1) ■ (ap — 1) ■ • • (ap + b — p + 1). 

We observe that there are (p — 1) terms in X and each of them has one of the following forms, 
(a) ap + n, or 
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(b) ap - r 2 

where 1 < r\ < b and 1 < r 2 < (p — 1 — b) . 

Thus any two terms from either (a) or (b) differs by a number strictly less than p and hence not 
congruent modulo p. Similarly, if we take two numbers - one from (a) and the other from (b), it is 
easily seen that the difference between the two would be n + r 2 which is at most (p — 1) (by the 
bounds for r\ and r 2 ); thus in this case too we find that the two numbers are not congruent modulo 
p. Thus the terms in X forms a reduced residue system modulo p and so, we have, 

(2.2) 

Thus using (2) we obtain, 

X 



(2.3) 

So, (1) and (3) combined gives 
(2.4) 



X = (p — 1)! (mod p) 

= a (mod p) 



(P-1)1 



(mod p). 



So, forward implication is proved. 

To prove the reverse implication, we adopt a contrapositive argument meaning that if p were not 
prime (that is composite) then we must construct an n such that (4) does not hold. So, let q be a 
prime factor of p. We write p as p = q x k, where (q, k) = 1. In other words, x is the largest power of 
q such that q x \p but q x+1 \p (in notation, <z x ||p). By taking, n = p + q = q x k + q, we have 

(q x k + q)(q x k + q - 1) . . . (q x k + 1) 



p + q 
V 



p + q 
1 



which after simplifying the fraction equals (q x 1 k+l 
1) = (q — 1)! ^0 (mod q x ). Therefore, 

(q x k + q-l)...(q x k+l 



(g"A;+g-l)...( g x fc+l) 
(9-1)! 



Clearly, (<fk+q-l) . . . (q x k+ 



(9-1)! 



1 (mod q x ) 



and 



On the other hand obviously, 



fp + 






V P 






p + q 




q x k + q 


p 




q x k 



= 1 (mod q x ). 



(2.5) 





p + q 






p 



(mod q x 



Now, since (q, k) = 1, it follows that q x x fc + 1 ^ 1 (mod g x ). So we conclude, 

r p + q" 
P 

So, pf (( P+ P q ) - L^J), for ifp|(( P J 9 ) - L^J), then since g-|p, we would have g1(( p + 9 ) - L^J), a 
contradiction to (5). Thus, ( p+q ) ^ L— J (modp). Hence we are through with the reverse implication 
too. 

This completes the proof of Theorem 1 1.2 1 □ 

3. Consequences 

Let ordp(?t) for n £ N, be the greatest exponent of p with p a prime in the decomposition of n into 
prime factors, 

ordp(n) = max {k 6 N : p fc |n} . 
For x = a/b (x £ Q) written in lowest terms with gcd(a, b) — 1, we define ord p (x) as 



(3.1) 



ord p (a;) = ord p (a/6) = ord p (a) — ord p (fe). 
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We have the property 

(3.2) ord p (xy) = ord p (a;) + ord p (y) Vx,j/ G Q. 

In view of (|3.1[) and (|3.2p . the function ord p behaves like a logarithm. Clearly [T], 

ord p (n!) = 

fc>i 

For n > p such that the base p expansion of n is given by (|5.ip , 

s 

ordp(n!) = ^ 



fe=i 



In particular setting n — p k in the above, 

(3.3) ord p ((p' £ )!) = l+p + p 2 + ...+/'- 1 

with k e N, fe > 1. 
From the relations, 



= ai + a 2 p + . . . + a s p s 



ci2 + a 3 p - 



a s p 



s-2 



a s _i + a s p, 



a s , 



we get 

(3.4) ordp(rt!) = ai + a 2 + . . . + a s + (a 2 + a 3 + . . . + a s )p + (a 3 + 04 + 



Similarly, from 



n — p 
P 

n — p 
pi 

n — p 
ps 



a% — 1 + a 2 p + . . . + a s p 
ai + a i+ ip + . . . + a s p 
a s , 



s-l 



ord p ((n — p)\) = ordp(n!) — 1. 



with i = 2, 3, . . . , s — 1, we have 
(3.5) 

The above relation holds for n > p. 

In particular when n — p < p, L^pr^J = for i > 1 and we have 

ordp((n — p)\) = for n — p < p, 
ordp(n!) = 1 for n — p < p. 

ordp((n — p)l) = 1 for n — p = p, 
ordp(n!) = 2 for n — p = p. 



If n — p = p, then from (|3.3j) . 



a s )p 2 
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From (|3.3[) and (|3.5I) we obtain, 

(3.6) ord p (C^X) = ordp(n!) - ord p (p!) - ord p ((n - p)!) = 1 - 1 = 0. 

From p.4p we have, 

(p - 1) ordp(n!) = (oj + a 2 + • • • + a s )p - (ai + <x 2 + . . . + a a ) 

+ (a 2 + a 3 + . . . + a s )p 2 - (a 2 + a 3 + . . . + a s )p 
+ . . . + (a s _i + a a )p a ~ 1 - (a s _i + a s )p s ~ 2 
+ a s p s - a a p"~ l . 

It gives 

(p - 1) ord p (n!) = a\p + a 2 p 2 + . . . + a s p s - (ai + a 2 + . . . + o fl ) 

= a + aip + a 2 p 2 + . . . + a s p s - (oq + ai + a 2 + . . . + a s ) 
Setting S*,! = ao + ai + a 2 + . . . + a s , we obtain 

(3.7) ord p (n!) - ^— ^. 

p- 1 

Using p.6p and (|3.7p we deduce that, 
In particular 

n = S'n + P — 1 f or n — p < p, 
S n = 2 for n — p = p, 
S' n = p + 1 for n — p > p, 
where S„ = a[, + a'i + a 2 + ■ • • + a t such that, 

n = a + a'i (n — p) + a 2 (n — pf + . . . + a' t (n — p) 1 . 
We know that for any prime p, (™) — L^-J is a multiple of p. Similarly, if n — p is a prime, then 
( n ) — I - J2 — I is a multiple of n — p. 

If n. — p < p with p a prime and n > p, then [^J = L S "p^ 1 J + 1 an d we have < S n — 1 = n — p < p. 
So < ^=1 < i. Therefore I ^1 1 = and hence 

— p L p J 



n 
P. 

Thus, if p is a prime then we have (n > p) 

If n — p = p with p a prime, then n = 2p and S'n = 2. Clearly, 



= 1 for n — p < p. 



1 (mod p) for n — p < p. 



P 



2 (mod p). 



If n—p > p with p a prime, then S n = p+1 and so L^^J = [ ™_ p J +1. Since < S n — 1 = p < n—p 



and so < [ S £_ X J < 1, it follows that 



n — p 

Hence, if n — p is a prime then we have, 
/ n\ ( n 



1 for n — p > p. 



pj \n — p 



1 (mod n — p) for n — p > p with n—p prime. 
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Remark 3.1. A natural number n > 3 is equal to the sum of two primes p,q (with q = n — p) if 
either n = 2 + p with p > 2 (in such a case, q = 2 and n odd) or n is even with either p > 2 and 
q > 2 or p = q = 2 (in particular, it is verified when n = 2p with p = q > 2). Notice that in general, 
these two primes p, q are not unique. For instance, 10 = 5 + 5 = 3 + 7. This is in essence the famous 
Goldbach 's conjecture. 



4. Generalization of Theorem 11.21 
We state and prove the following generalization of Theorem 11.21 
Theorem 4.1. For n = ap + b = a^)p k + b^, we have 



a(k)P k + &(k) 



a{k)P + &(fe) 



(mod p) 



with p a prime, < b^k) < P k ~ 1 an d k a positive integer such that 1 < k < I, where 
and for k > 1 



n = a Q + aip + . . . + a k p k + a k+ ip k+1 + . . . + a t p l 



O(fc) = a k + a k+ ip + . . . + aip l ~ k 

and 

b(k) — a-o + aip + . . . + afc_ip fc_1 . 

The proof of this follows from the reasoning of the proof of Theorem 11.21 although there are some 
subtleties. 

In particular, we have 

a = d(X) = ai + a 2 p + . . . + a ; p' _1 

and 

b = fyo) = a . 

For k — 0, we set the convention that ami = n = oq + a\p + . . . + aip 1 and 6m) = 0. Notice that 
Theorem 14.11 is obviously true for k — 0. But the case k = doesn't correspond really to a power of 
p where p is a prime. 

Proof. We have 

'n\ _ / a (k) p k + 6 (fc) x 
7 V P k 

(a(fc)P fc + fr(fc)) • («(fc)P fc + &(fc) -!)■■• (Q(fc)P fc + 1) ■ Q(k)P k ■ (a(k)P k -!)■•■ (a(fc)P fc + fr(fc) - p fc + 1) 

pfc . (pfc _ 1) . . . 2 • 1 

_ a(fc) • («(fc)P fc + fr(k)) • (d(k)P k + fyk) -!)■■■ (a( k )P k + 1) ■ («(fc)P fc -!)••• {a(k)P k + b {k ) - P k + 1) 

(p fe - 1) • (p fe - 2) ■ • • 2 • 1 

Thus we obtain 

^ - f^k) - »<*> (new* + r )) ( P n ( a (^^ fe - r ) 

Or a(k)P k + r = r (mod and a,(k)P k — r = —r = p k — r (mod p fc ) with < r < p fc . It follows 
/ b \ / P k -i-b \ / b \ /p k -l-b \ 

Il( a (^ fe + r ) II (w'- r )HlI r II ^od/). 

V=l / \ r=l / Yr=l / \ r=l J 
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Since 



we have 



f b \ /p -1-6 

nA n v 

\r=l I \ r=l 



' b \ / p k -l \ p k -l 

U r ) n »■ = n r=(p*-i)! 

vr=l / \r=6+l / r=l 



We can now write 



^II(a(fc)P*+»-^ (a (fc )P*-r)j=(p fe -l)!(modp fc ). 

') f ii ( a wp k - r ) j = c ^p k(pk - i] + ( P k - 1)! 



[Y[{a(k)P k +r 

\r=l 

with C(fc) the quotient of the division of the product by p k< -P k ~ 1 \ We can notice that, 

{p k - 1)! = q(p - l)\p 1 +P+-+P k ~ 1 - k 
with gcd(p, q) = 1 and because ord p ((p fc — 1)!) = 1 + p + . . . + p k ~ 1 — k. Therefore we have 

Equivalently 



= 0. 



Dividing the above equation by fc we have 

n 



Thus 



g(p - 1)1 {o ( fc) - Ql) 



(mod p fc ) 



Since if m = n (mod p k ) implies m = n (mod p) (the converse is not always true), we also have 

q(p - 1)1 |a (fc ) - |=0 (mod p). 
As q(p — 1)! with gcd(p, g) = 1 and p are relatively prime, we get 

We finally have 

(mod p). 





n 




pk 



□ 



5. An Alternative proof of Theorem 11.21 

We present below an alternative proof of Theorem 11.21 But first we state and proof an important 
result in elementary number theory due to E. Lucas. 
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Theorem 5.1 ([2],E. Lucas (1878)). Let p be a prime and m and n be two integers considered in the 
following way, 

m = a k p k + a k -xp k ~ x + . . . + a x p + a , 
n = hp 1 + h-ip 1 - 1 + ... + b lP + b , 
where all a, and bj are non-negative integers less than p. Then. 

\ / k , fe-l , , , \ rnax(k,l) . 

m \ f a kP + • ■ • + aip + ao \ _ tt fo- 

ri 



n ih) ( m ° d p)- 



V b lP i + b^p 1 - 1 + . . . + b lP + b J 11 \b 

Notice that the theorem is true if ai > bi for i = 0, 1, 2, . . . , max(fc, /) 

Theorem 15.11 has been proved in [3J. We give here an alternate proof of this result. 
First of all, we state and prove a few lemmas 

Lemma 5.2. If 

a a + a 1 X + a 2 X 2 + . . . + a n X n = b Q + b x X + b 2 X 2 + . . . + b n X n (mod p) 

then 

ai = bi (mod p) \/i G [[0, n]]. 

Proof. Indeed, if a + a x X + a 2 X 2 H h a n X n = b + b x X + b 2 X 2 H h b n X n (mod p), then 

there exits a polynomial k(X) = ko + k\X + k 2 X 2 + ■ ■ ■ + k n X n at most of degree n such that 
a + axX + a 2 X 2 + ■■■ + a n X n = b + b x X + b 2 X 2 + ■■■ + b n X n + p(k + hX + k 2 X 2 + ■■■ + k n X n ). 

This gives a + ai X + a 2 X 2 ^ Ya n X n = b +pk + (h+pki)X + (b 2 +pk 2 )X 2 H h (b n +pk n )X n . 

Hence we get ao = bo + pko, a\ = b\ + pki, a 2 = b 2 + pk 2 a n = b n + pk n . Or equivalently 
a = b (mod p), ax = &i (mod p), a 2 = b 2 (mod p) , a n = b n (mod p). 

The reciprocal implication is trivial. □ 



Lemma 5.3. // the base p expansion of a positive integer n is, 
then we have 



n = a + aip + a 2 p 2 H + aip 1 



nl = qa l(aip)l(a 2 p 2 )l ■ ■ ■ (aip l )\ 

with q a natural number. 

Proof. Since the factorial of a natural number is a natural number, there exists a rational number q 
such that 

nl 

q a \(aip)\(a 2 p 2 )\ . . . (aip l )\ 

Let S be the set, 

S = {xi,x 2 , ...,xi}. 

We consider lists of elements of S where xq is repeated ao times, x\ is repeated a\p times,. . ., xi is 
repeated aip 1 times such that, < ai < p— 1 with i £ [[0, 1]]. In such a list, there are 2 + 1 unlike groups 

/ 

of identical elements. For instance the selection 




\ a aip 

is such a list of n elements which contains I + 1 unlike groups of identical elements. 

The number of these lists is given by ao !( aip )i( a "p2)! — ( ai p l )\ ' ^ proves that the rational number q is 
a natural number. And, since the factorial of a natural number is non-zero (even if this number is 
because 0! = 1), we deduce that q is a non-zero natural number. □ 

Theorem 5.4. Let n = ap + b = ao + a\p + a 2 p 2 + . . . + aip l such that < b < p— 1 and < < p— 1 
with i G [[0,/]]. Then q = l (mod p). 

Before we prove Theorem 15.41 we shall state and prove the following non-trivial lemmas. 
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Lemma 5.5. The integers q and p are relatively prime. 

Proof. If < q < p, since p is prime, q and p are relatively prime. 

If q > p, let us assume that p and q are not relatively prime. It would imply that there exist 
an integer x > and a non-zero natural number q' such that q = q'p x with gcd(q',p) = 1. Since 
n\ = qao\(aip)l . . . (ai-ip l ~ 1 )l(aip l )\ we get n\ = q'p x a \(aip)l . . . (aip l )l. It follows that n\ would 
contain a factor ai+ x p l+x such that q 1 = ai +x q" with ai +x G [[l,p — 1]]. But, ai+ x p l+x > n. 

Indeed we know that 1 + p + . . . + p l = ^J^ 1 ■ So p' +1 = 1 + (p - 1)(1 + p + . . . + p z ). Then 
p l+1 > (p-l) + (p-l)p+. . . + (p-l)p'. Since < Oj <p-lwithi G [[0, /]], we have < a i p i < (p-l)p* 
with i G [[0, i]]. Therefore, p l+1 > a + aip + . . . + aip 1 so p' +1 > n => ai +x p l+x > n. 

Since n! doesn't include terms like a; +2; p' +:l: > n with a;+ x G [[l,p — 1]], we obtain a contradiction. 
It means that the assumption q = q'p x with x G N* and gcd(q',p) = 1 is not correct. So, q is not 
divisible by a power of p. It results that q and p are relatively prime. □ 

We know that n\ = (ap + b)\ = qao\(a\p)\ . . . {aip l )\ with a = [^J, < a, < p — 1 with i = 
0, 1, 2, . . . ,p — 1 and b = a . Let q a ,i,i,% with < i < a\ < a be the natural number 

(ap + 6 — ip)\ 
Qa ' 1 ' 1 ' 1 a !((ai - i)p)!(a 2 p 2 )! . . . (a;p ( )! ' 
In particular, we have q = q a ,i.i,o- 
Lemma 5.6. g ,l,i,*+i = Qa,l,i,i (mod p). 
Proof. We have (0 < i < a{) 

^<ip+ h - ip\ _ q„ ,.j . f((ij - :)p 

Or equivalently 



v J q a ,i,i,i+i \ v 



' 'ap + b — ip\ ( (ai — i)p 

Qa,l, 1,»+1 I I = Qa,l,l,i 



P J \ P 



Now 



and 



ap + b — ip\ /(a — i)p + b 
P J \ P 



a\ — i (mod p), 



(ai i)p\ ^ fli _ ^ r mo( j 



Therefore 



5cM,i,i+i(ai - i) = '/--./. i - ' " i - ») (mod p). 
Since a\ — i with i = 0, 1, 2, . . . , oi — 1 and p are relatively prime, so q a ,i,i,i+i = Qa,l,i,i (mod p). □ 

Notice that g a ,i,i,ai corresponds to the case where a\ — 0, (ao+a2p 2 +. . .+a;p')! = <Za,i.i,aiioK a 2P 2 )! • • • (flip )!■ 

Lemma 5.7. For n = ap + b = a^p k + b^ with < &(/;) < p fc — 1 a^c? defining (1 < k < I and 
< i < at) 

_ [a(k)P k + b{k) -ip h V- 

a ' l ' k ' 1 a !(aip)! . . . ((a fe - i)p fc )! . . . {aip l )\ 

with afe > 1, (where it is understood that when a and I appears together as the two first labels of 
one q...., it implies that a is given by a — am = (aia 2 . . . a;) p = ai + a 2 p + . . . + aip 1 ^ 1 ) we have 
(0<i< a k ) 

i(k)P k + b(fe) - _ q a ,i.k.i ( (at - «)p fcN 



P fe / q a ,i,k,i+i V P fe 



Additionally, g ,J,fe,» = <?o,J,fc,i+i (modp). 
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In particular for k = 0, we have (0 < i < a ), 

, Qa,l.0,i , .s 

ap + b = (ao — i) 

<7a, l, 0,i+l 

with ao > 1. 

We can prove this lemma by the following a similar reasoning as earlier and hence we omit it here. 
Notice that q = q a ,i,k,o- And q a ,i,k,a k corresponds to the case where a& — 0. Also 

q a -ij,k,o = q a ,i,i,i = q a ,Li,i+i ( mod p)j 

with < i < a\ and a\ > 1. So, since q a ,i,k,j = qa,i,k,j+i (mod p) with < j < a&, we have 

q a -i : l,k,j = <la-i,l,k,0 = 1a,l,l,i = 9o,J,l,0 (mod p) and q a -i, Z,fc,0 — q a -i,l,L0 = Qa-i,l,l,j = Qa-i,l,l,ai = 

q a -i,i-i,k,o ( mod P)- 

So q a -i,Lk,o = 1a-i,l-i,k,o = ■ ■ = q a -i,l,k,Q = 90-1,1,1,0 = 9o,i,i,i = 90,1,1,0 (mod p). Or q a -i,i,fc,o = 
9a,i,i,« = 9o, i, i,o = 9o,i,fe,o (mod p). 

Finally we have q = q a j ykfi = 9o,i,i,o (mod p). 

Lemma 5.8. We /iaue aZso the congruence (a^p 1 )! = ai!p ai ( 1+p+ - +pl ) (mod p). 

Proof. We proceed by induction on i. 

Indeed, we have (flip)! = lp • 2p ■ • • (ai — l)p ■ aip (mod p). So (aip)! = a\\p ai (mod p). 

It follows that (a 2 p 2 )! = ((a 2 p)p)! = (a 2 p)!p a2P = a 2 !p a2 p Q2P (modp). So (a 2 p 2 )! ee a 2 !p a2(1+p) (modp). 

Let us assume that (aip 1 )! = ai!p a ^ 1+p+ " +p ' (mod p). 

We have (a. i+1 p l+1 )! = ((a i+ ip*)p)! = (a l+ ip l )!p Ql + lpI = a l+1 !p a '+ 1 ( 1 +P + - +p ' _1 )p Q '+ lp! (mod p). 
Thus (a l+1 p l+1 y. = a ! ; + i!p Ql + 1 ( 1 + p +-+ p " 1+pI ) (mod p). 

Hence the result follows. □ 

We now prove Theorem 15.41 

Proof. If ai = for i G [[1,Z]], then n = ao and we have n! = qao! with q = 1. So, if a.; = for 
i £ [[1, 1]], q = 1 (mod p). 

Let consider the case where Oj = for all i > 1, then n = ao + a!p and we have n! = qa !(aip)!. 
Then 

j ao — 1 

9«o! = t — ~tt = (ao + aip)(a + ayp - 1) . . . (aip + 1) = TT (aip + a - r). 
Since < ao — r < ao for r G [[0, ao — 1]], we obtain 

ao — 1 a 

ga ! = ]^[ (a - r) = r = a ! (mod p). 

r=0 r=l 

Since ao! and p are relatively prime, we have q = 1 (mod p). 

Since q = q a .i,k,o = 9o,Z,i,o (mod p), we conclude that q = 1 (mod p) whatever n is. □ 



We come back to the proof of Theorem 15.11 
Proof. Let to, n be two positive integers whose base p expansion with p a prime, are 

m = a + aip + . . . + dkP k , 

and 

n = 6 + oip+... + o fc p A: , 

such that to > n. We assume that dj > 6^ with i = 0, 1, 2, ... , max(fc, Z). We denote a = [yj and 
b = L^-J ■ Since a, > 6j with i = 0, 1, 2, . . . , max(fc, Z), we have a > b. We define 



c(fc,Z) 



if k < I 
a k if k > I 
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and 

k if k < I 



b m ax(k,l) -| o if k>l 

In particular if max(fc, I) = k, bi = Q for i > I and if max(fc, I) = I, ai = for i > k. 
Using these 

m\ = <7a : fe4,o a oK a iP) ! ■ • ■ (afcP fe )!, 
n\ = qb,i,i,obol(bip)\ . . . (bip l )\, 



and 

We have 
Rearranging 



(m - n)\ = q a -b,k,i,o(ao ~ MK( a l _ b{)p)\ ■ ■ ■ i( a k ~ b k )p k ) ] - 



gq,M,0 ( a o\ ( a lP\ ( a max{k,l)P 



^max(fc,/) 



qb,i,i,oQa-b,k,i,o \boJ \bipj ' ' ' V&max(fc,i)P ma> 

(m\ (a a \(axp\ ( a max{k .i )P ma ^ k ^ 

qb,i,i,oq a -b,k,i,o\ = ?o,fc,i,o , , -•• , m«vftn 

Since q a , k ,i,o = qb,i,i,o = ?o-6,fc,i,o = 1 ( mod p), we get 

'm\ / a \ / a lP \ ( a maK{Kl) p ma ^ k '^ 



n) \b J \b lP J "' V & max(fc,0P max(fe, °/ * U/ ) ' 
Notice that if for some i, a, =0, then = since we assume that at > bi and bi > 0. In such a case 

S) = (£)=!• 

We assume that a, > 1. For fc S [[l,ajp l — 1]] and for % G [[0,max(fc, I)]] with 1 < dj < p l — 1, 
) = (mod p) 



Therefore for a, = 1 we have 



fc=0 



(1 + xf = ( \ ) xk = 1 + ( mod P), 



and for any a,; G — 1]] 

(l + a;) aip! = ((l + x) pZ ) a * ee (H-a**)" 4 (modp). 

Now comparing 



aip 



(1+*)^=^ 

and 

2=0 v 

we get by taking k = bip 1 and I = bi, 



x lp ' 



a»p \ _ a,, 
hp 1 ) ~\bi 



Finally we have 

We now prove Theorem II .21 



(mod p). 

(mod p) . 



□ 
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Proof. As above the base p expansion of a natural number n > p with p a prime, is given by, 
(5.1) n = a a + aip + a 2 p 2 + . . . + a s p s 

such that < a, < p — 1 with i = 0, 1, 2, . . . , s and s > 1. Clearly, 



at + a 2 p - 



a s p 



s-l 



Therefore, 



P 

From Theorem I5JJ it can be observed that 



a± (mod p). 



ao \ la\ 



(mod p). 



a\ (mod p). 



Since ( a *) = 1 with i e [[0, s]} - {1} and ("j 1 ) = oi, we get 
Thus, 

fn\n 

- - = mod p). 

We deduce that if p is a prime and n a natural number which is greater than p (n > p-\- 1), then p 
divides (p+9)-|_2±2J. ' ^ □ 

Remark 5.9. It can be noticed that 



P 



p + a . 



So the proof can be done in a more concise way. Since < ao < p— 1, we have, 

(mod p). 



P + a^ 




P J 




obtain, 






n 


0- 


_P_ 



After straightforward simplifications we obtain, 

n 

(mod p). 
6. Further Results 

We state here few results that can be derived mainly from Theorem 1 1.2 1 The proofs of these results 
can be found at [4]. 

Theorem 6.1. The sequence a n = ("J (mod m) is periodic, where x,m G N. 
The proof of the above theorem is based on mathematical induction. 

The above theorem states that for every m the sequence a n = (") (mod m) is periodic. The next 
most natural question to ask is, what is the minimal length of the period? Which gives us 

Theorem 6.2. For a natural number m = IliLiPiS ^ e sequence a n = ( n ) (mod m) has a period of 
minimal length, 



I (in) = [[p 



Llog m\+bi 



The idea of the proof of the above theorem is to show that the length of the period of the sequence 

must be a multiple of the number JliLiPi^ ° Pl ^ + "■ Then the authors show that this must indeed 
be the length of the period. 

The above theorem gives us very easily the following two corollaries, 
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Corollary 6.3. For every positive integer to = ]X =1 we have m 2 \l(m). 

Corollary 6.4. to has only one prime factor (m = p b where p is prime) if and only if l(m) — m 2 . 

We donot prove the corollaries here, as it is quite evident that they follow from the previous 
theorem. 

We can generalize Theorem 16.21 as follows, 



Theorem 6.5. For a natural number m — Yli—i Pi 1 > ^ e sequence (a„) such that a n = (™) (mod m) 
has a period of minimal length 



l(m,x) = [[p l =m[[ Pl 



The proof of this theorem follows from the proof of Theorem 16.21 as given in 0] . 
The following is an easy consequence of Theorem 16.21 



Corollary 6.6. For m = Yli^iPi*) 

m 2 <l(m) < m k+1 . 
Remark 6.7. Here k < m — tpfrn), where ip is the Euler totient function. 

Remark 6.8. If we define ( n ) for n a positive integer as ( _n ) = ^ i=0 - , - — , we can observe that 



So, 



~n\ = / 1f IlN (n + i) = , n(n + l) ...(n + m- 1) = (n + m-1)! 

m J [ ' m\ [ ' ml [ ' m!(n-l)! ' 

-n\ = f^mfn + m - 1 
ml \ m 



Since (™ + ^ m ' ) ) = (^) (mod m), it implies that 



m J \ m 

In particular, when m = p is prime, we obtain 

p ) + { p j^O(modp). 

The authors also state in j4] a result which is stronger than Theorem 11.21 as given below. 

Theorem 6.9. A natural number p > 1 is a prime if and only if — [^J is divisible by p for every 
prime q, where the symbols have their usual meaning. 

The proof of this result depends partly on the following famous result in number theory 

Theorem 6.10 (Dirichlct (1837)). If a and b are relatively prime positive integers, then the arithmetic 
progression a, a + b, a + 2b, a + 36, • • • contains infinitely many primes. 

and also on the following two lemmas. 

Lemma 6.11. Let n be relatively prime to m. Then, 

(mod to). 

Lemma 6.12. Let m be even. Then for every integer k we have, 

/ m + k\ (l(rn) — 1 — k . 

(mod to) 
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Indeed it is very easy to see that the result in Theorem 16.91 follows immediately for p, a prime 
from Theorem 11.21 To prove the other implication it is necessary to construct a counterexample for 
each composite p. The authors divide this construction into two parts, one when p is even and the 
other when p is odd. The result is derived using the lemmas mentioned above and Theorems 16.101 and 
Theorem 16.21 
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